Abstract. The purpose of this paper is to provide a careful and accessible exposition of the Kreȋn and Rutman Theory of degenerate elliptic eigenvalue problems with indefinite weights that model population dynamics in environments with spatial heterogeneity. We prove that the first eigenvalue of our problem is algebraically simple and its corresponding eigenfunction may be chosen to be positive everywhere. Here the approach is distinguished by the extensive use of the ideas and techniques characteristic of the recent developments in the theory of partial differential equations. The results extend an earlier theorem due to Manes and Micheletti to the degenerate case.
Introduction and Main Results
Let Ω be a bounded domain of the Euclidean space R N , N ≥ 2, with smooth boundary ∂Ω; its closure Ω = Ω ∪ ∂Ω is an N dimensional, compact smooth manifold with boundary. Let A be a second-order, elliptic differential operator with real coefficients such that
Here, we assume:
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(2) There exists a positive constant a 0 such that
(3) The function c(x) is real-valued and may be discontinuous in Ω. More pre-
Let B be a first-order, boundary condition with real coefficients such that
6) ∂/∂ν is the conormal derivative associated with the operator A:
where n = (n 1 , n 2 , . . . , n N ) is the unit exterior normal to the boundary ∂Ω.
In this paper we study the following elliptic eigenvalue problem with an indefinite weight function:
Here, we have: (7) λ is a real parameter; (8) The weight function m(x) is real-valued and may be discontinuous in Ω.
The main purpose of this paper is to study the existence and uniqueness of solutions of problem (1.3) in the framework of Sobolev spaces of L p type (Theorem 1.1), substantially improving the previous work [19] . In particular, we prove a theorem of the Kreȋn and Rutman type which asserts that the first eigenvalue of problem (1.3) is algebraically simple and its corresponding eigenfunction is strictly positive in Ω (Theorem 1.2).
We discuss our motivation and some of the modeling process leading to problem (1.3) (see [9] , [18] ). The basic interpretation of the various terms in problem (1.3) is that u(x) represents the population density of a species inhabiting the region Ω. The members of the population are assumed to move about Ω via the type of random walks occurring in Brownian motion that is modeled by the diffusive term (1/λ)A; hence, 1/λ represents the diffusion rate, so for small values of λ the population spreads more rapidly than for larger values of λ. The term m(x) describes the rate at which the population would grow or decline at the location x in the absence of crowding or limitations on the availability of resources. The sign of m(x) will be positive on favorable habitats for population growth and negative
